Introduction
Rigid foldability is an important characteristic of origami structures that becomes significant with non-paper materials. A rigidly foldable origami tessellation is one where the sectors remain rigid and all deflection occurs at the crease lines. Many rigidly foldable patterns have only one degree of freedom, making them potentially useful for deployable structures. Methods have been developed to construct rigidly foldable origami tessellations using materials with finite thickness based on zero-thickness rigidly foldable patterns. [Tachi 11 ].
Origami methods have been considered for application in deployable structures such as solar panels [Miura 85 ] [Zirbel et al. 13 ] and sterile shrouds [Francis et al. 13] . Other recent developments have included self-deployable origami stent grafts [Kuribayashi et al. 06] , self-folding membranes [Pickett 07] , and sandwich panel cores [Lebee and Sab 10] . A better understanding of how to create rigidly foldable tessellations can lead to previously unexplored applications.
This paper develops a method for evaluating the rigid foldability of origami tessellations by examining relationships between the dihedral angles in the pattern. The method is then used to determine what configurations allow origami twists, in particular, to be rigidly foldable. Rigidly foldable twists may be arrayed in a tessellation, providing a foundation for deployable origami-based structures to be constructed out of rigid materials.
Rigidly Foldable Origami
We will focus on patterns composed of degree-4 vertices, where a typical vertex is illustrated in Figure 1 . Four creases meet at each vertex; the paper between adjacent creases is a sector and the angle between adjacent creases is a sector angle, designated α. The angle of the fold itself is the dihedral angle, denoted by γ, which is the angle between the surface normals of the two incident sectors. A crease may be a mountain fold (γ < 0), a valley fold (γ > 0), or unfolded (γ = 0). We will indicate valley folds by dashed lines and mountain folds by solid lines. We index the sector angles α i and dihedral angles γ i so that sector α i lies between folds γ i and γ i+1 , as illustrated in the figure. 2.1. Flat Foldability in Degree-4 Vertices. A flat-foldable vertex can be folded so that all dihedral angles are equal to ±π. Likewise, an origami pattern is considered flat foldable if there exists a configuration where all dihedral angles in the pattern are equal to ±π. The conditions for flat-foldability are well known (see, e.g., [Hull 03]) ; for degree-4 vertices, they can be summarized as:
• Opposite sector angles sum to π; • There exist three folds of one parity and one fold of the other;
• The smallest-angled sector, if unique, is incident to folds of opposite parity ("anto"); • The largest-angled sector, if unique, is incident to folds of the same parity ("iso"). If there exist two equal smallest angled sectors, at least one of these sectors must be anto and its opposite sector must be iso. We call the two opposite creases with equal parity the major creases and the other two the minor creases.
These conditions imply a relationship between the sector angles:
These are necessary conditions, not sufficient; an origami pattern composed entirely from flat foldable vertices may still not be flat-foldable due to self-intersection. However, any origami tessellation containing one or more non-flat-foldable vertices cannot be flat-foldable.
2.2. Fold-Angle Multipliers. We now introduce relationships between dihedral angles in a flat-foldable degree-4 vertex. Huffman [Huffman 76 ], Lang [Hull 03 ], and Tachi [Tachi 10 ] derived several relationships (which were equivalent under trigonometric transformation). We present equivalent, but new, and somewhat simpler expressions here.
For the degree-4 vertex of Figure 1 where γ 2,4 are the major creases and γ 1,3 are the minor creases, in all configurations between the unfolded and fully folded states, the following relationships apply: the sector anges. We call this ratio the "fold-angle multiplier", µ:
We further define µ i to be the ratio between the half-angle tangents of the dihedral angles adjacent to the i th sector, i.e., µ i ≡ tan(
There is a special case to note: when the major crease fold lines are collinear (α 2 + α 3 = π), zero and infinite fold-angle multipliers are obtained. This occurs because the major crease lines must be completely folded before the minor crease lines begin folding.
2.3. Rigidly Foldable Polygons. The fold angle multipliers (µ i ) capture the relationship between consecutive folds around a vertex. They can therefore be used to evaluate the rigid foldability of arrays of vertices. For an origami tessellation to be rigidly foldable, each vertex and each closed polygon in the tessellation must be rigidly foldable. (Again, there are longer-range self-intersection issues that must be considered for global rigid foldability, which we are intentionally not addressing.) For an n-degree polygon with interior angles 1 through n the fold angle multipliers (µ i ) associated with the crease pairs at each vertex define a loop condition that enforces consistency around the polygon, namely Figure 2 shows the sector angles and fold-angle multipliers for a rigidly foldable triangle. Each vertex is rigidly foldable in isolation; since the product of the fold angle multipliers around the interior polygon is 1 (−0.246 × 5.671 × −0.718 = 1), the entire pattern is similarly rigidly foldable.
Rigid Foldability of Origami Twists
The origami twist is a building block of many origami patterns that have application to deployable structures. It consists of a central polygon plus parallel pairs of creases extended from each side of the central polygon, as shown in Figure 3 (a). The angle between each parallel pair and its adjacent side is the twist angle; in a flat-foldable origami twist, all vertices have the same twist angle.
We will classify twist vertices as one of two types. If conventional numbering is used and the first sector lies counterclockwise from a minor crease, a vertex is of Type-A if the sector which includes the central polygon is evenly numbered (see Figure 3 (b)). Conversely, if this sector is oddly numbered, the vertex is of Type-B (see Figure 3(c) ). Another method of differentiating vertex types is shown in Figure 3 (a). If an arrow is drawn from minor crease lines to major crease lines at each vertex, a Type-A vertex will have a clockwise arrow in the central polygon while a Type-B vertex will have a counterclockwise arrow. A twist polygon can be characterized by the sequence of its vertices; the square twist of Figure 3(a) is AABB.
Note that zero and infinite multipliers can occur if the twist angle is equal to the interior angle of a Type-B vertex or if the twist angle is equal to the complement of the interior angle of a Type-A vertex.
For a Type-A vertex of a twist with interior angle α = α 2 and twist angle θ = α 1 , we can evaluate the fold-angle multiplier (µ A ) for that vertex:
For a Type-B vertex with interior angle α = α 1 and twist angle θ = α 4 , we have
With the constraints 0 < α < 180
• and 0 < θ < 180
• , it follows that
This gives us the following result.
Theorem 3.1 (No Rigidly Foldable Vertex-Uniform Twists). No origami twist with degree-4 vertices having all Type-A or all Type-B vertices is rigidly foldable.
The proof follows directly from Equations 9 and 6. 
Triangle Twists
We now consider triangular twists. In this section we will prove the following:
Theorem 4.1 (No Rigidly Foldable Triangle Twist). No origami triangle twist is rigidly foldable.
To prove this theorem we will consider the two basic configurations with potential to be rigidly foldable for a triangle twist. These two configurations are ABA and ABB (cyclic permutations are equivalent).
For the ABA configuration (see Figure 4 (a)), substituting Equations (7) and (8) into Equation (6) This equation is satisfied only if θ = π or α + β = 2π. In the first case the angle opposite of the twist angle becomes zero and in the second case the triangle violates geometric compatibility. Therefore, there is no rigidly foldable ABA triangle twist.
For the ABB configuration (see Figure 4 (b)), Equation (6) This equation is satisfied only if θ = 0 or α + β = π. In the first case the twist angle becomes zero and in the second case the third interior angle becomes zero. Therefore, there is no rigidly foldable ABB triangle twist. Because all other triangle twists with two Type-A and one Type-B or two Type-B and one Type-A vertices may be obtained by rotating the AAB or ABB twists, we conclude that no triangle twist is rigidly foldable. Because our definition of an origami twist requires parallel pleats, Theorem 4.1 does not eliminate the possibility of rigidly foldable triangles with non-parallel pleats.
Quadrilateral Twists
For simplification, quadrilateral twists have been divided into several standard types of quadrilaterals. These are discussed below. • .
The proof is as follows. For a rectangular twist, α = 90
• . Therefore, Equations (7) and (8) simplify to give the following result:
As can be seen from Equations (12) and (13), the fold angle multipliers for Type-A and Type-B vertices in such a twist are negative reciprocals of one another. Therefore, any rectangular twist with two Type-A and two Type-B vertices will satisfy Equation (6) and is rigidly foldable. The only exception is when θ = 90
• , where multipliers become infinite. Conversely, those with unequal numbers of Type-A and Type-B vertices cannot satisfy Equation (6) and are not rigidly foldable. Figure 5 shows all of the possibilities (to within cyclic permutation and/or global parity reversal).
Parallelogram, Rhombus, and Isosceles Trapezoid Twists.
All three of these types of polygons contain two sets of supplementary interior angles, although the order in which these angles are arranged differs. Since this order does not affect rigid foldability, rhombus, parallelogram, and isosceles trapezoid twists have the same conditions for rigid foldability.
Theorem 5.2 (Parallelogram, Rhombus, and Isosceles Trapezoid Twists). A parallelogram, rhombus, or isosceles trapezoid twist is rigidly foldable if and only if it contains two Type-A and two Type-B vertices, with a twist angle not equal to the interior angle of a Type-A vertex.
To prove this we will define α as the value of one of the interior angles of the polygon. Of necessity, there are two interior angles with a value of α and two with a value of π −α. The multipliers for the α-vertices may be calculated using Equations • .
(7) and/or (8). The multipliers for the other two vertices are found by substituting into Equations (7) and (8), resulting in
The product of any two of these Type-A multipliers and two of these Type-B vertices is equal to one, satisfying Equation (6). Therefore, a parallelogram, rhombus, or isosceles trapezoid twist is rigidly foldable if it contains two Type-A and two Type-B vertices. The exception is where the twist angle is equal to the interior angle of a Type-A vertex, where infinite multipliers are obtained. Conversely, twists with unequal numbers of Type-A and Type-B vertices cannot satisfy Equation (6) and are not rigidly foldable. Figure 6 shows the four rigidly foldable configurations for a parallelogram twist where the twist angle (θ) is smaller than any of the interior angles (again allowing for cyclic permutation and/or global parity reversal). Figure 7 shows the four rigidly foldable configurations for the case where one of the sets of interior angles is less than θ. Figure 8 shows the six rigidly foldable configurations for an isosceles trapezoid for the case where the twist angle is less than any of the interior angles. Figure 9 shows the six rigidly foldable configurations for the case where the twist angle is greater than one pair of interior angles. Figure 9 . Rigidly foldable isosceles trapezoidal twist configurations for α min < θ < 90
Scalene Trapezoid Twists.
• .
Theorem 5.3 (Scalene Trapezoid Twists). A scalene trapezoid twist is rigidly foldable if and only if the pairs of supplementary interior angles each include a Type-A and a Type-B vertex and the twist angle is not equal to the interior angle of a Type-A vertex.
The proof is as follows. If α 1 and α 2 are two non-supplementary interior angles, then of necessity the other two interior angles must be the supplements to α 1 and α 2 . As can be seen from Equations (7), (8), (14), and (15), the product of the multipliers for two supplementary-angled vertices of opposite type is -1. Therefore, the product of two such sets is equal to 1, satisfying Equation (6). Therefore, a scalene trapezoidal twist is rigidly foldable if the two sets of supplementary interior angles each have a Type-A and a Type-B vertex. Table 1 shows the possible vertex configurations for a rigidly foldable scalene trapezoid twist where Vertex 1 and Vertex 2 contain supplementary interior angles, as do Vertex 3 and Vertex 4. The exception is if the twist angle is equal to the interior angle of a Type-A vertex, in which case infinite multipliers are obtained.
Theorem 3.1 rules out the possibility of a twist with all vertices of the same type. Any scalene trapezoid twist with 3 vertices of one type must include a set of supplementary vertices of opposite type. Since the product of the multipliers for such vertices is equal to -1, the product of the multipliers of the other two vertices must also be -1 for it to be rigidly foldable. This dismisses the possibility of a scalene trapezoid twist with three vertices of the same type. The only remaining possibility is that one set of supplementary vertices of one type, and the other set is of the opposite type. However, this configuration is only rigidly foldable if α 1 = α 2 , resulting in an isosceles trapezoid or a parallelogram. Therefore, no conditions other than those stated in the previous paragraph result in a rigidly foldable scalene trapezoid twist. 5.4. Kite Twists. The previous discussions apply for kites that are squares, rectangles, parallelograms, rhombuses, or trapezoids and the rigidly foldable configurations having two Type-A and two Type-B vertices. However, unlike the parallelogram, rectangle, or trapezoid twists, a kite twist can be rigidly foldable with three vertices of one type and one vertex of the other type.
We will call α and β the two unique interior angles of a kite and θ the twist angle. For any combination of α and β where α = β and α + β = π there exists a unique θ which results in a rigidly foldable kite twist for each of the six configurations with 3 vertices of one type and 1 of the other. The type labeling in this section labels the α vertex first and the β vertex third, with the other two vertices second and fourth.
For the configuration with Type-A α and β vertices and one other vertex of each type (AAAB/ABAA), a kite twist is rigidly foldable if (16) cos (θ) = sin (α + β) sin (α) + sin (β)
For the configuration with Type-B α and β vertices and one other vertex of each type (BABB/BBBA), a kite twist is rigidly foldable if (17) cos ( Figure 10 shows the twists which result from the integer angle solutions to Equations (16) to (21).
Regular Polygon Twists
For an n-sided regular polygon, we define the interior angle at each vertex as α, where (24) a + b = n Substituting Equations (7) and (8) into Equation (23) and simplifying gives (25) sin
Substituting Equation (22) into Equation (25) yields (26) cos
This results in the following theorem: (9) and (23) it can be seen that there exist no rigidly foldable regular polygon twists where all vertices are of the same type. However, for each unique a, b and n, with 0 < a < n and n > 4, there exists one unique twist angle Table 2 shows the twist angles which result in a rigidly foldable twist for regular pentagon, hexagon, heptagon, and octagon twists. For any even polygon twist, a 90
• twist angle is rigidly foldable with a = n/2 and b = n/2. It can be seen that the twist angles larger than 90
• are complementary to the twist angles for the opposite configuration. For n > 4 rigidly foldable regular polygon twists, all interior folds must have the same parity because the interior angle is the largest angle at each vertex. For a square twist with a = b = 2, Equation (26) is true for any value of θ other than 90
• , where it becomes undefined.
Conclusions
We described a method for evaluating the rigid foldability of origami tessellations. We then applied this method to origami twists to discover what parameters allow an origami twist to be rigidly foldable. It was shown that there is no possible configuration for a rigidly foldable triangle twist. It was also shown that many possible rigidly foldable quadrilateral twists exist. Finally, a method for determining twist angles for a rigidly foldable regular polygon twist was presented. This method was used to calculate all possible twist angles for rigidly foldable regular polygons of degree eight or less.
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